Gaussian process regression (GPR) has long been shown to be a powerful and effective Bayesian nonparametric approach, and has been applied to a wide range of fields. In this paper we present a new application of Gaussian process regression methods for the modelling and forecasting of human mortality rates. The age-specific mortality rates are treated as time series and are modelled by four conventional Gaussian process regression models.
Introduction
The idea of Gaussian process models can date back to Krige (1951) , and had subsequently been further developed in spatial statistics (where it is more widely known as kriging) (Cressie, 1993) . O'Hagan (1978) proposed to use Gaussian processes to define prior distributions over functions and applied the theory to one-dimensional curve fitting. Over the last few decades, Gaussian process methods have widely been adopted and further developed in machine learning community; see for example MacKay (1992 MacKay ( , 2003 , Neal (1992 Neal ( , 1996 Neal ( , 1997 ), Seeger (2003 Seeger ( , 2004 , Snelson et al (2004) , Quiñonero-Candela and Rasmussen (2005) , Rasmussen and Williams (2006) , Shi and Choi (2010) , and the references therein. Neal (1996) has shown that many Bayesian regression models based on neural networks converge to Gaussian processes as the number of hidden units tends to infinity, and the hyperparameters of the neural network model determine the characteristic length scales of the Gaussian process. Therefore, Gaussian processes have been suggested as a replacement for supervised neural networks in nonlinear regression and classification.
Gaussian process models as a type of nonparametric method have been applied in various fields due to many desirable properties, such as the existence of explicit forms, the ease of obtaining and expressing uncertainty in predictions, the ability to capture a wide variety of behaviour through covariance functions, and a natural Bayesian interpretation. They have been shown to be effective and powerful for the problems of regression, classification, interpolation and extrapolation (forecasting). For the problem of forecasting, Girard et al (2003) studied multiple-step ahead prediction for nonlinear dynamic systems. Brahim-Belhouari and Bermak (2004) proposed to use Gaussian process regression for time series forecasting problem. Mori and Ohmi (2005) used Gaussian process for short-term load forecasting in smart grids. Banerjee et al (2008) proposed Gaussian predictive process models for large spatial data sets. Alamaniotis et al (2011) and Alamaniotis and Tsoukalas (2016) performed short-term load forecasting using an ensemble of Gaussian processes. Wu et al (2012) studied tourism demand forecasting in Hong Kong. Claveria et al (2016) applied Gaussian process regression to the study of Spain's tourism markets. Other examples of Gaussian process models in forecasting include Chapados and Bengio (2007) , Ahmed et al (2010) , Andrawis et al (2011 ), Ben Taieb et al (2012 , Roberts et al (2013) , among others.
In this paper we present a new application of Gaussian process method in the modelling and forecasting of human mortality rates. The growing aged population, especially in developed countries, has given rise to significant changes in both social structures and economic conditions. Assessing and forecasting the demographic mortality trends is hence of great interests to researchers due to its considerable impact on social welfare, resource allocation and governmental budgeting. In addition to biological, medical and behavioural methods, statisticians have developed very different and purely mathematical methods to model the mortality patterns. Lee and Carter (1992) first introduced their statistical model which was then named after them as Lee-Carter model. Lee-Carter model has further been developed by a series of extensions and modifications, including Bell (1997) , Miller (2001), Booth et al (2002) , Renshaw and Haberman (2003) , Liu and Yu (2011) . Hyndman and Ullah (2007) generalised the Lee-Carter model by treating the mortality rates in each year as a curve and applying functional data analysis approach (Ramsay and Silverman, 2005) . Chiou and Müller (2009) further extended this method and introduced a moving window approach to collect observed data curves with respect to the birth year of cohorts falling into that window. Lee-Carter model has also been extended to study the mortality for multiple populations; see, for example, Li and Lee (2005) , Oeppen (2008) , Cairns et al (2011 ), Hyndman et al (2013 ), de Jong et al (2016 , among others. Booth et al (2006) compared the forecasting performance of some of the variants and extensions of Lee-Carter model.
In this paper we propose to use Gaussian process regression (GPR) method to model and forecast mortality rates. Unlike most of the existing methods in mortality modelling which treat the mortality rates for all ages in a year as a whole and study their evolution over time, we consider the mortality rates for any specified age over time as a time series and assume that they have Gaussian process priors. The advantages of this treatment include that it can capture different patterns in mortality evolution over time for different ages and make use of GPR's ability in probabilistic forecasting. We consider four conventional Gaussian process regression models and also propose to incorporate a weighted mean function with the spectral mixture covariance function for the problem of mortality modelling. The weighted mean function models the long term trend, and the spectral mixture covariance function enables that various covariance structures in mortality rates for different age groups can be captured and hence mitigates the difficulty in choosing suitable covariance functions in GPR. The combination of these two provides better forecasting results, compared with the conventional GPR models. The performance of this model is also compared with Lee-Miller model (Lee and Miller, 2001) , Booth-Maindonald-Smith model (Booth et al, 2002) and the functional demographic model (Hyndman and Ullah, 2007) . The numerical results demonstrate that the GPR model with the weighted mean function and the spectral mixture covariance function provides a more robust forecast performance.
The rest of the paper is organised as follows. In Section 2, we briefly introduce Gaussian process regression models, followed by a detailed description on how this method can be applied to mortality modelling and forecasting. In Section 3, the GPR models are applied to the French total mortality data and are compared with some existing models in the mortality modelling literature. Conclusion and discussions are given in Section 4.
Methodology

Gaussian process regression (GPR)
Let ∈ ℝ be a response variable and ∈ ℝ the covariate variable. Consider the following nonlinear regression model with noise:
where ~(0, 2 ) represents the measurement error and (•): ℝ → ℝ is an unknown function. By Gaussian process method, (•) is treated as a random function and is assumed to have a Gaussian process prior with a mean function (•) and a covariance function (•,•).
The covariance function relates one point to another and is defined as:
where denotes the set of hyper-parameters which need to be estimated.
Therefore, given the observed data = {( 1 , 1 ), … , ( , )}, we have
where { } =1,⋯, are independent and identically distributed normal random noises with mean 0 and variance 2 . Hence the joint distribution of 1 , 2 , … , is multivariate normal:
where the mean has entries = ( ) and is an × matrix whose ( , )th element is given by
where is the Kronecker delta.
Suppose that * is a test point and * is the corresponding response value. Then, given the training data , the conditional distribution of * is normal with the following mean and variance (Rasmussen and Williams, 2006) :
where ( * ) = ( ( * , 1 ; ), … , ( * , ; )) is the covariance between ( * ) and = ( ( 1 ), … , ( )) , and is the covariance matrix of ( 1 , 2 , … , ) defined in (1).
The unknown parameters in the GPR model include the hyper-parameters in the covariance function, the noise variance 2 and any parameters (denoted generically by ) in the mean function (•). They can be estimated by maximising the following marginal log-likelihood
Gaussian process regression models for mortality forecasting
Let ( ) denote the log of the mortality rate for age x in year t. We assume that there is an underlying function ( ) that we are observing with error at discrete points of t. Suppose that our observations are { , ( )}, = 0, … , , = 1, … , , where is the maximum age of interest and is the number of years. Then
where , represents the random observation error and is assumed to be independent and identically distributed normal random variable (0, 2 ) for a given and = 1, … , . Based on the observations we are interested in forecasting ( ) for any ∈ {0, … , } and = +1 , … , +ℎ .
For a given age , we assume that (•) follows a Gaussian process prior with a mean function (•) and a covariance function (•,•). Therefore, for each we can build a GPR model for the unknown function (•) as discussed in the previous subsection, and the forecast mean and variance of the mortality rate at a future year * , ( * ), can then be obtained by the equations (2) and (3).
Since the log mortality rates over time for most ages display an overall decreasing trend, a linear function in is used as the mean function in the above GPR models, that is:
where and are constants for the given . In Gaussian process regression, the covariance function plays an important role in the predictive mean and variance. Covariance functions contain our presumptions about the function we wish to learn and define the closeness and similarity between data points. As a result, the choice of covariance function has a profound impact on the performance of GPR models. A wide range of covariance functions have been proposed and discussed in the literature; see for example Rasmussen and Williams (2006) and Shi and Choi (2011) . In this paper we consider three commonly used stationary covariance functions, namely squared exponential (SE), Matern (MA) (with degree of freedom equal to 3/2) and rational quadratic (RQ), and the spectral mixture covariance function (SM) introduced by Wilson and Adams (2013).
The SE, MA and RQ covariance functions have the following forms:
Note that in the above covariance functions the dependence of the hyperparameters on age is omitted for the sake of simplicity in notations. is sufficient.
GPR model with weighted mean function and SM kernel
In the GPR models, the prior mean function has a significant impact on the forecast performance since the extrapolation tends to move to the prior mean in the long run. In mortality modelling, it is often the case that more recent data tend to have more impact on the results than those in the distant past: the more recent the data point is, the greater influence it tends to have on the future mortality rates. However, the mean function defined by (5) is modelled by a linear regression on the training data, which means each data point in the past carries equal weight on the mean function. Therefore, we propose to model the prior mean function by assigning different weights to the training data points, that is, using weighted least squares (WLS) method to estimate the parameters in the mean function. Furthermore, it can be seen from the numerical examples presented later that the mortality rates for different age groups exhibit very different patterns over time. Therefore different covariance functions may be needed for different age groups, which is not straightforward and is time consuming.
However, it is noted that the spectral mixture covariance function can support a broad class of stationary covariance functions and enables that various covariance structures in mortality rates for different age groups can be captured, and hence mitigates the difficulty in choosing suitable covariance functions in the GPR models. Therefore we propose to use a weighted mean function and the spectral mixture covariance function in the Gaussian process regression for the modelling and forecasting of mortality rates. This model makes use of the strengths of both mean function and covariance function and provides a unified method and improved performance for both short term and long term mortality forecasts, as shown in our numerical examples.
For a given age , the parameters of the linear mean function (5), and , are estimated by minimising the error:
where is the weight for the th year. Here we assume the weights to be equal to the inverse of the time distance to the first year to be forecasted, namely 0 (in the numerical example later on, 0 =1991), therefore = 1 ( 0 − ⁄ ) for = 1, … , . It is noted that other weights can be used for the mean function, and if the weights involve tuning parameters, they can be determined by cross validation.
then, and are estimated by
The hyper-parameters in the spectral mixture covariance function (6), { , , 2 } =1,⋯, , and the noise variance 2 can then be estimated by maximising the marginal log-likelihood (4).
Applications of GPR methods in French mortality rates
In this section we apply the GPR models to French total mortality rates and compare their forecasting performances. The performance of the proposed GPR model with the weighted mean function and the SM covariance function is also compared with three existing models in the literature.
The data are obtained from the Human Mortality Database (2010), consisting of the observed French total mortality rates for ages 0-100 from the year 1950 to 2010. As demonstration Figure 1 shows the log mortality rates for ages 0, 10, 20, 30, 40, 50 and 100. It can be observed that, although the mortality rates generally rise with the increase of age, the mortality rates at birth are relatively high due to babies being born with illness or complications and also vulnerable to illness before their immune system develops. The mortality rates at age 20 are also relatively high because accidental deaths rise during late teen and early twenties. Overall, the log mortality rates for all ages show a downward trend over time, but it can be seen that for different age groups the mortality rates exhibit different patterns, especially for ages 20 and 30. 
Forecasting comparison of the GPR models
To compare the performances of the different GPR models, we select 20 age groups, namely, ages 0, 1, 2, 5, 10, 12, 15, 18, 20, 22, 25, 28, 30, 40, 50, 60, 70, 80, 90 and 100, to carry out analysis. The data for each age group are split into two parts: the data from 1950 to 1990 are used as training data and those from 1991 to 2010 as testing data. Five GPR models, that is, the models with the linear mean function (5) show that for a given age group the performance of GPR models largely depend on the choice of covariance functions, but the WM-SM model mitigates this difficulty and provides better overall performance in terms of forecasting accuracy.
Additionally, we also consider the metric of standardised negative log Gaussian predictive density, which is defined as follows (Rasmussen and Williams, 2006) :
where is the true observation, * and * 2 are the predictive mean and variance by the model of interest, and ̅ and ̅ 2 are the sample mean and variance of the training data. Hence the SLL will be zero for the trivial model which predicts using a Gaussian distribution with the mean and variance of the training data and negative for better methods. The average SLLs over the forecasting period (1991 to 2010) for all 20 age groups by the five models (SE, MA, RQ, SM and WM-SM) are -4.6377, -2.3908, -2.9271, -3.1939, -4.0299, respectively. Only SE has smaller average SLL than WM-SM, but we have found that it is due to the very large predictive variances produced by SE, as can be seen in Figure 2 .
Comparison of forecasted mortality curves
We now compare the forecast accuracy of the WM-SM GPR model with some existing models in the literature, namely, Lee-Miller model (Lee and Miller, 2001) , Booth-Maindonald-Smith model (Booth et al, 2002) and the functional demographic model (Hyndman and Ullah, 2007) .
To construct the forecasted mortality curves for a future year, we select 20 age groups (0, 1, 2, 5, 10, 12, 15, 18, 20, 22, 25, 28, 30, 40, 50, 60, 70, 80, 90 and 100) , and fit a WM-SM GPR model for each of them. The mortality curve for all ages (0-100) is then obtained by piecewise cubic spline interpolation. The rationale for age selection is that we want to have dense points in the areas with large variation and sparse points in those with small variation.
Our experiment shows that there is no significant difference in the results if more or slightly The four models (WM-SM GPR, LM, BMS and FDM) are applied to the French total mortality data using a rolling window approach. That is, we use the data for years from 1950 to (where = 1981, … , 1990) 1950 to 1990 (i.e. = 1990) . The means and the standard deviations of the ten RMSEs (corresponding to = 1981, … ,1990) for all 20 forecasting horizons are reported in Table 2, and the means at different horizons by the four models are also plotted in Figure 4 . It can be seen from the table and the figure that, the performances of WM-SM GPR and FDM are indistinguishable for short term forecasting (from 1-to 6-year forecasting horizons). But from 7-year horizon onwards, the GPR model substantially outperforms the FDM model. On the other hand, the performance of WM-SM GPR model is almost equal to those of LM and BMS for long term forecasting (for 16-to 20-year horizons). However, the former has much better accuracy for 1-to 15-year horizons than the latter two, particularly than LM model. In the mid-term (from 7-to 15-year horizons), the WM-SM GPR model is systematically better than the other three. Therefore, the WM-SM GPR model provides robust performance for both short term and long term forecasting with improved forecasting accuracy for mid-term, when compared with the other three models.
Conclusion and discussion
We have introduced Gaussian process regression as a new approach for modelling and forecasting mortality rates. We considered four commonly used Gaussian process regression models and also proposed to incorporate a weighted mean function with the spectral mixture covariance function for the problem of mortality modelling, which mitigated the difficulty in In contrast to Lee-Carter model and most of its variants, which directly act on the historical mortality curves for forecasting, the GPR models provide a different angle to handle this forecasting problem. We treat the mortality rates for each age group over time as a time series and assume that it follows a Gaussian process. After forecasts are made for some age groups for a future year, the mortality rates at the other ages can be obtained by interpolating the forecasted mortality rates to all age groups. The forecasting accuracy may depend on the choice of the age groups to be modelled. In our example, 20 age groups were selected, including 0, 1, 2, 5, 10, 12, 15, 18, 20, 22, 25, 28, 30, 40, 50, 60, 70, 80, 90, 100-year groups.
The reason for choosing these age groups is that, the mortality rates tend to be very variable from age 0 to age 30 while they increase almost linearly from age 30 to age 100. Hence we need denser grids for interpolation in the interval from 0 to 30 and fewer points from the age 30 onwards. Our experiment showed that there was no significant difference in the results if more or slightly different age groups were used. Although the topic of this paper concerns human mortality modelling and forecasting, the idea can also be used in similar demographic problems such as fertility and migration modelling.
Another issue to be discussed is the weights chosen for the historical data in the mean function. When forecasts are made for long horizons, the correlations between the future points and the historical points become very low and the predictions by Gaussian process regression will converge to the mean function in long term. The weights for the historical data partially determine the mean function and therefore can also impact the accuracy of forecasts. In this paper we used the inverse of the time distances as the weights assigned to historical data for all the age groups. It is of course possible to use other weights, and if the weights involve tuning parameters, they can be determined by the cross validation.
Furthermore, in this paper the mean function and the covariance function used for each age group are independent of the other age groups. However, as can be expected the mortality rates for different ages are closely correlated, especially between the neighbouring ages, it is therefore worth further investigating how to build mean functions and covariance functions taking the correlations into account.
